
1.2 - Riemann Sums and the Definite Integral 

 
 

1.3 - Properties of the Definite Integral 

 



 
 
 

1.4 - The Average Value of a Function 

1.5/6 - The Fundamental Theorem of Calculus 

 
1.7 - Change of Variables 



Trigonometric Substitution 2.1 
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Sometimes, Changing X into a trig function can simplify an integral:
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Range for u
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p
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=
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=
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=
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=
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=
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Final answer
Example III:
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p
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=
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+ c
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Integration by Parts 2.2 
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The Integration by Parts Formula

Reverse product rule

Z
udº = uv ¡

Z
vdu

Strategy:

When integrating the product of two functions, pick one to integrate •
(call it dv), and one to differentiate (call it u).


Pick dv to be the most difficult function you know how to integrate.
◦
Pick u so that it gets simpler when differentiated.◦

Or, use the ILATE rule:

Pick u to be the first function in the list, and dv be the rest:
•

I:   inverse trig. functions
◦
L:  logarithmic functions
◦
A:  trig. functions
◦
T:  trig. functions
◦
E:  exponential functions◦

Example I:

du =
1

x
dx; v =

x3

3

Z e

1
x2 lnxdx u = lnx; dv = x2dx:

¡
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3
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x
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x3 ¢ lnx
3

¡
Z e
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x2

3
dx=

x3 ¢ lnx
3

=
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3
lnx¡ x

3

9

µ
e3

3
ln (e)¡ e

3
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¶
¡
µ
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3
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3
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9
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Example II:

u = sinx; dv = exdx
Z
ex sinxdx du = cosxdx; v = ex

Warning:

if chose u to be the trig function, don’t switch to the •
exponential function on the second attempt, it could undo 
your work.

= ex sinx¡
Z
ex cosxdx du = ¡ sinx; v = ex:x = cosx; dv = exdx

= ex sinx¡
·
ex cosx¡

Z
ex (¡ sinx) dx

¸

= ex sinx¡ ex cosx¡
Z
ex sinxdx

I = ex sinx¡ ex cosx¡ 1

The very same equation we started with, but with something else.

2I = ex sinx¡ ex cosx

+c

We’ve shown that: 

We integrated this function without intergrating anything.

I =
ex sinx¡ ex cosx

2

Don’t forget

Example III: We got a algebraic function, and a compositions of two functions.

So we don’t really have a exponential function by itself, so we 
need to be careful about what we are choosing here.

And in fact, we should not using integration by parts right away.

Z
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2x

=

Z
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2x

=
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Z
x2eudx

=
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2

Z
u ¢ eudu Now, integration by parts work. dv = eudu; v = euu = u; du = du;

=
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2

·
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Z
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=
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2
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u

2
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=
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¡ e
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Partial Fractions 2.3 
 
 

 
 

 
 

 
 

 
 

 
 

LineorTerm

Weknow

let

Let

Z
p (x)

q (x)
dxPartial fraction are useful for dividing a difficult integral to many simpler integrals, like:

We will assume the degree of the denominator is larger than the degree of the numerator.

If not, use long division first.

Rules to break up fractions:



                       If the denominator has:                            Then we write:


one constant per factor



one constant per power



one linear term per factor





one linear term per power

1): Distinct linear factors



2): A repeated linear factor



3): Distinct irreducible 

    quagratic factors



4): repeated irreducible

    quadratic factors

1

(x+ 1) (x+ 2)
=

A

x+ 1
+

B

x+ 2

As long as the power of x is higher in Denominator.

1

x2 (x¡ 1) =
A

x
+
B

x2
+

c

x¡ 1
one constant per power

x2 + 7

(x¡ 1)3 (x2 + 3)2
=

A

x¡ 1 +
B

(x¡ 1)2
+

C

(x¡ 1)3
+
Dx+ E

x2 + 3
+
Fx+G

(x2 + 3)
2

) 5x+ 1

(2x+ 1) (x¡ 1) =
A

2x+ 1
+

B

x¡ 1

5x+ 1 = A (x+ 1) +B (2x+ 1)

Fast way, But it don't work every time.

Idea: sub in some ‘clever value’ of x.

x = 1 : 6 = A (0) +B (3)

6 = 3B ) B = 2:

¡5
2
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µ
¡3
2

¶
+B (0)

¡3
2
= ¡3

2
A

A = 1

x3 + x+ 7

x3 (x+ 1)
2
(x2 + 1)

=
A

x
+
B

x2
+

C

x+ 1
+

D

(x+ 1)
2 +

Ex+ F

x2 + 1

Z
5x+ 1

(2x+ 1) (x¡ 1)dx

=

Z
1

2x+ 1
+

2

x¡ 1dx

=
1

2
ln (2x+ 1) + 2ln (x¡ 1) + C

Z
1

ax+ b
=
1

a
ln (ax+ b)

x = ¡1
2
:

Example I:
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Simplificationyields

Soweget

vii arctan

let so

so

L

Sub back x

Example II:

x2 ¡ 2x¡ 1
(x¡ 1)2 (x2 + 1)

=
A

x¡ 1 +
B

(x¡ 1)2
+
Cx+D

x2 + 1

= A
¡
x3 + x¡ x2 ¡ 1

¢
+B

¡
x2 + 1

¢
+ (Cx+D)

¡
x2 ¡ 2x+ 1

¢

x2 ¡ 2x¡ 1 = A (x¡ 1)
¡
x2 + 1

¢
+B

¡
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¢
+ (Cx+D) (x¡ 1)2

= Ax3 +Ax¡Ax2 ¡A+Bx2 +B + Cx3 ¡ 2Cx2 + Cx+Dx2 ¡ 2Dx+D

= (A+ C)x3 + (¡A+B ¡ 2C +D)x2 + (A+ C ¡ 2D)x+B ¡A+D

A+ c = 0

(¡A+B ¡ 2C +D) = 1
(A+ C ¡ 2D) = ¡2
(B ¡A+D) = ¡1:

You can solve the system any way you want.
D = 1
A = 1
C = ¡1
B ¡ 1

Z
x2 ¡ 2x¡ 1

(x¡ 1)2 (x2 + 1)
dx =

Z
1

x¡ 1 +
¡1

(x¡ 1)2
+
¡x+ 1
x2 + 1
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= ln (x¡ 1) + 1
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Z ¡x
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Z
1
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= ln (x¡ 1) + 1
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1

2
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¡
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¢
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Z
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(x¡ 1)2 (x2 + 1)
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= 2x) du = 2xdx) dx =

1

2x
¢ du

Z ¡x
x2 + 1
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Z ¡x
u
¢ 1
2x
¢ du

=

Z ¡1
2u
du

= ¡1
2

Z
1

u
du

= ¡1
2
ln (juj) + C

= ¡1
2
ln
¡¯̄
x2 + 1

¯̄¢
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Z ¡x
x2 + 1

dx



2.4 - Improper Integrals



So far, we have only examined Integrals of continuous, or at least bounded functions.



Let’s see how to deal with a more general collection of functions!



In Particular, we will examine two types:



Type I: Infinite Intervals:

	 Integrals of the form: 





‣




‣




‣



Type II: Infinity Discontinuity:



	 Example:   




The idea in all cases is to replace the problematic point with a letter and take a limit.



Type I


We replace the infinite endpoint with a letter and take a limit.
•











We say that the integral converges if all of the limits exist (and are finite).



The Integral diverges if even one limit DNS (or is +- Infinity.)



Examples:


Evaluate the following or show they diverge.
•








Thereis a issue at x 0

Z a

¡1
f (x) dx

Z 1

a
f (x) dx

Z 1

¡1
f (x) dx

Z 1

¡x

1

x
dx : : :

Z a

¡1
f (x) dx = lim

b!1

Z a

b
f (x) dx

Z 1

a
f (x) dx = lim

b!1

Z b

a
f (x) dx

Z 1

¡1
f (x) dx = lim

b1!¡1

Z 0

b1

f (x) dx+ lim
b2!1

Z b2

0
f (x) dx

Don’t use
Z 1

¡1
f (x) dx = lim

b!1

Z b

¡b
f (x) dx

This is called the
 

“Cavchy Principa
l 

Value” and it is 

something else!

Z 1

2

1

x2
dx = lim

b!1

Z b

2

1

x2
dx = lim

b!1
¡ 1

x2
= lim

b!1
¡1
b
+
1

2
=
1

2 So it converges, and evaluate to 1/2.



Type II

Suppose following integral converge:
•

























Evaluating integrals in general is hard, and determining if an improper integral converges 
may be even harder! However, we do have a way of comparing a difficult integral to a 
simpler one (for example, a P-integral.)

























Z 1

a
f (x) dx

Z 1

a
g (x) dx

Z 1

a
cf (x) dx1) : converges for any c 2 R , and

Z 1

a
cf (x) dx = c

Z 1

a
f (x) dx

2) :
Z 1

a
f (x) + g (x) dx

Z 1

a
f (x) + g (x) dx =

Z 1

a
f (x) dx+

Z 1

a
g (x) dxconverges, and

x ¸ afor all3) : If

If

, then

Z 1

c
f (x) dx, then

f (x) · g (x)

converges, and
Z 1

a
f (x) dx =

Z c

a
f (x) dx+

Z 1

c
f (x) dx

Z 1

a
f (x) dx ·

Z 1

a
g (x) dx

4) : a < c <1







































p-Test for Type I Improper IntegralType I Improper Integral

Properties of Type I Improper Integrals

The Monotone Convergence Theorem for functions

Absolute Convergence for Type I Improper Integrals

The Gamma Functions












































































4.2 - Separable Differential Equations 
Definition: Separable Differential Equation

Definition: Constant (Equilibrium) Solution to a Separable Differential Equation

Strategy [ Solving Separable Differential Equations]



4.3 - First-Order Linear Differential Equations 

 
 
 
 

Definition: First-Order Linear Differentiable Equations [FOLDE]

Strategy [ Solving First-Order Differential Equations]

Theorem: Solving First-Order Linear Differential Equations 

Note: In theory, the method we have just outlined provides us with a means 
of solving all first-order linear differential equations. However, in practice this 
only works provided that we can perform the required integrations.



4.4 - Initial Value Problems 

 
 
 
 
 
 
 
 
 
 
 
 
 

Theorem: Existence and Uniqueness Theorem 
for First-Order Linear Differential Equations



4.6 - Exponential Growth and Decay 

 
 
 
 

Half-life’s formula



4.7 - Newton’s Law of Cooling 
 
 

 

 
 
 
 
 
 
 

 
 
 

i

Equilibrium state

T : Intitial temperature

T : Ambient temperature

t:  time

k: the constant 



4.8 - Logistic Growth 
 

 

Strategy [ Solving Separable Differential Equations]:

Step 3

M: max population

P: current population

Logistic equation

Equilibrium solution



 
 
 
 
 
 

0 < r (t) < M (1)



3.2 & 3.3 Volumes of Revolution  

3.4 Arc length 
 
 

4.1 - Introduction to Differential Equations 

 
 
 
4.5.1 - Direction Fields 

 




































5.1 - Introduction to Series 

 
5.2 - Geometric Series 

 

5.3 - Divergence Test 
 

 
5.4 - Arithmetic of Series


partialsun

Definition: Series Definition: Convergence of a Series

Definition: Geometric Series Theorem: Geometric Series Test

Theorem: Divergence Test

The Divergence Test gets its name because it can identify certain series as being 
divergent, but it cannot show that a series converges.

Theorem: Arithmetic for Series I Theorem: Arithmetic for Series II



5.5 - Positive Series











































5.6 - Integral Test 

 
 
 
 
 
5.7 - Alternating Series 








5.8 - Absolute Versus Conditional Convergence 

5.9 - Ratio Test 

 
 

5.10 - Root test 
 
 



Absolute vs. Conditional Convergence

Rearrangement of a Series

Absolute Convergence Theorem

Rearrangement Theorem



6.1 - Power Series



































6.1.1 - Finding the Radius of Convergence
























6.2 - Functions Represented by Power Series 
 

 
 
 
 
 



FundamentalconvergenceTheoremforpowerseries

Powerseries

IntervalandRadiusofconvergence

ignorethis1

TestfateRadiusofconvergence EquivalenceofRadiusofconvergence

AbelsTheoremcontinuityofpowerseries

R tell us how far we can deviate from a and still 
maintain convergence 



6.2.1 - Building Power Series Representations 

 
 
 
6.3 - Differentiation of Power Series 

 
 
 

 
 
 
 
 

Additionofpowerseries
Multiplicationofapowerseries

powerseriesofcompositeFunction

TheFormalDerivativeofapowerseries

The interval of convergence may be different. 



6.4 - Integration of Power Series 

 
 
 
 
 
 
 
 
 


 
 
 
 
 
 
 
 



6.5 - Review of Taylor Polynomials 

 
6.6 - Taylor’s Theorem and Errors in Approximations 

 
 
 
 

6.7 - Introduction to Taylor Series 
 
 
 
 
 
 
 
 
 
 
 

 
 



6.8 - convergence of Taylor series 

6.9 - Binomial Series 

 
 

 
 

 
 
 

6.10 - Application of Taylor Series 


