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Essential laws of propositional logic

Commutativity

p ∧ q |=| q ∧ p

p ∨ q |=| q ∨ p

p ↔ q |=| q ↔ p

Associativity

p ∧ (q ∧ r) |=| (p ∧ q) ∧ r

p ∨ (q ∨ r) |=| (p ∨ q) ∨ r

Distributivity

p ∨ (q ∧ r) |=| (p ∨ q) ∧ (p ∨ r)

p ∧ (q ∨ r) |=| (p ∧ q) ∨ (p ∧ r)

De Morgan

¬(p ∧ q) |=| ¬p ∨ ¬q

¬(p ∨ q) |=| ¬p ∧ ¬q
Double Negation

¬(¬p) |=| p

Excluded Middle

p ∨ ¬p |=| 1

Contradiction

p ∧ ¬p |=| 0

Implication

p → q |=| ¬p ∨ q

Contrapositive

p → q |=| ¬q → ¬p

Equivalence

p ↔ q |=| (p → q) ∧ (q → p)

Idempotence

p ∨ p |=| p

p ∧ p |=| p

Identity

p ∧ 1 |=| p

p ∨ 0 |=| p

Domination

p ∧ 0 |=| 0

p ∨ 1 |=| 1

Absorption I

p ∨ (p ∧ q) |=| p

p ∧ (p ∨ q) |=| p

Absorption II

(p ∧ q) ∨ (¬p ∧ q) |=| q

(p ∨ q) ∧ (¬p ∨ q) |=| q
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EQsubs

EQtrans



The 11 rules of formal deduction (!) for propositional logic

(1) (Ref) A ! A Reflexivity
(2) (+) If Σ ! A,

then Σ,Σ′ ! A. Addition of premises
(3) (¬ −) If Σ,¬A ! B,

Σ,¬A ! ¬B,
then Σ ! A. ¬ elimination

(4) (→ −) If Σ ! A → B,
Σ ! A,
then Σ ! B. → elimination

(5) (→ +) If Σ, A ! B,
then Σ ! A → B. → introduction

(6) (∧ −) If Σ ! A ∧B,
then Σ ! A,
Σ ! B. ∧ elimination

(7) (∧ +) If Σ ! A,
Σ ! B,
then Σ ! A ∧ B. ∧ introduction

(8) (∨ −) If Σ, A ! C,
Σ, B ! C,
then Σ, A ∨ B ! C. ∨ elimination

(9) (∨ +) If Σ ! A,
then Σ ! A ∨ B,
Σ ! B ∨ A. ∨ introduction

(10) (↔ −) If Σ ! A ↔ B,
Σ ! A,
then Σ ! B.
If Σ ! A ↔ B,
Σ ! B,
then Σ ! A. ↔ elimination

(11) (↔ +) If Σ, A ! B,
Σ, B ! A,
then Σ ! A ↔ B. ↔ introduction
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⼩undecidable

Scifiabigof propositional logic is
decidable

partial Total correctness is
undecidable
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Formally proved theorems of propositional logic
(proved in Logic06, or “Hints & Answers”)

(∈): If A ∈ Σ then Σ " A.

(Tr.): Let Σ ⊆ Form(Lp), n ≥ 1, and A1, . . . , An be formulas in Form(Lp).
If Σ " Ai for all i = 1, . . . n, and A1, . . . , An " A, then Σ " A.

(¬+): If Σ, A " B and Σ, A " ¬B, then Σ " ¬A.

(Repl.): If B "% C and A′ results from A by replacing some (not necessarily all) occurrences
of B in A by C, then A "% A′.

(Hypothetical Syllogism): A → B, B → C " A → C.

(Double-negation): ¬¬A "% A.

(Disjunctive Syllogism): A ∨ B,¬B " A.

(Contrapositive): A → B "% ¬B → ¬A.

(Excluded Middle): ∅ " A ∨ ¬A.

(Non-Contradiction): ∅ " ¬(A ∧ ¬A).

(Inconsistency Rule): A,¬A " B.

(De Morgan): ¬(A ∧B) "% (¬A ∨ ¬B) and ¬(A ∨B) "% (¬A ∧ ¬B).

(Implication Rule): A → B "% (¬A ∨ B).

(Flip-Flop): If A " B then ¬B " ¬A.
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